In this paper we present the application of the homotopy analysis method for determining the free vibrations of the simply supported beam. The linear and nonlinear cases are considered. The homotopy analysis gives the possibility to search for the solution of a wide range of problems described by means of the operator equations. The numerical examples are presented to confirm the exactness and fast convergence of the introduced method. The presented computational examples confirm the precision and the fast convergence of investigated method. In the linear case we knew the exact solutions, so we could compare with them the solutions obtained with the aid of homotopy analysis method. Differences between the obtained solutions were slight. However, the advantage of the examined method is that we receive here the approximate solution in the form of continuous function which can be used then in a further analysis or to perform various simulations. 
INTRODUCTION
Vibrations of the building structures can be divided into the forced ones and the free ones. The forced vibrations appear when the variable load acts on the structure. The free vibrations take place when the variable load does not act on the structure during the vibrations and the motion of the structure results f from the initial conditions [14] . The vibrations registered while testing the real structures can be presented with the aid of continuous function. Such function is the polynomial of degree inscribed into the quantized signal obtained during the research. By analyzing these polynomials one may determine the period of v 
with the initial conditions (2) where is the linear operator, is the non-linear operator, and are the given numbers, while is the unknown function. Let us denote (3) In the first step, we specify the homotopy operator as: (4) where is the embedding parameter, denotes the convergence control parameter [17, 19, 22, 29] , means the initial approximation of the solution of problem (1) and is the auxiliary linear operator with property . Considering the equation
, we obtain the so-called zero-order deformation equation (5) Substituting we get , so . However, if we assume , we obtain . Therefore , where is the desired solution of equation (1) . Thus, the change of parameter from zero to one corresponds with the change from the trivial problem to the original problem (and thus the solution from to ). Taking the Maclaurin series of function (with respect to parameter ) we get (6) where and
If the above series is convergent for , then we obtain the required solution ( 
8)
If we are not able to determine the sum of series in (8) , then as an approximate solution of considered equation we can accept the partial sum of this series (9) In order to determine the form of function we differentiate times, with respect to parameter , the left and the right hand side of relation (5) . Next, w vibration and the damping parameters. In case of structures characterized by the constant stiffness and the damping force proportional to the vibration velocity, the period of vibration and the damping parameters are constant. If the previously mentioned conditions are not satisfied, we deal with the nonlinear vibrations [6] . Mathematical modeling of the building structures consists in deriving the differential equations including the linear and nonlinear parameters of the construction. With respect to the form of describing the vibrations of the real structures it is essential to get the solution of a mathematical model also in the form of continuous function. This function can be obtained by applying the homotopy analysis method. The homotopy analysis method has been developed in the 90s of the last century [15] [16] [17] [18] [19] 23] . This method gives the possibility to search for the solution of a wide range of problems described by means of the operator equations. In particular, it can be the ordinary and partial differential equations [3, 4, 9, 10, 18, 23, 28] , fractional differential or integrodifferential equations [30, 31] (for some other applications of the fractional calculus see for example [11, 21, 24] ) and also the integral equations [1, 2, 7, 8, 12, 13, 23] . Some theoretical results concerning the convergence of this method in case of differential equations can be found, among others, in papers [9, 16, 19, 20, 23, 25, 29] , whereas in case of integral equations in papers [2, 7, 8, 23 ]. In the current paper we describe the application of the homotopy analysis method for determining the free vibrations of the beam in the linear and nonlinear case. The numerical examples are presented to confirm the exactness and fast convergence of the introduced method. In the linear case we know the exact solution, so we compare with it the solution obtained with the aid of homotopy analysis method. This case serves then to verify the exactness and convergence of the discussed method. In the nonlinear case the exact solution is unknown, therefore the approximate solution received by using the homotopy analysis method is compared with the approximate solution determined numerically by applying the Mathematica software [5] .
HOMOTOPY ANALYSIS METHOD
We describe the concept of the homotopy analysis method by the example of its application for solving the ordinary differential equations of the second kind in the form
we divide the result by and we substitute which gives the so-called th order deformation equation ( ): (10) where and (11) and (12) In view of the above definition of operator (equation (3)) we have for :
whereas for we get Thus, the equation (10) for takes the form (13) whereas for it takes the form (14) After selecting operator the above two equations enable to determine recursively the successive functions and, in result, to obtain the solution (8) .
As the operator one can choose the operator of the highest order derivative occurring in the equation. It is the most natural and very often used procedure. This operator can also be selected in other way. In particular, Vajravelu and Van Gorder [27, 29] proposed three methods of selecting the auxiliary linear operator: method of linear partition matching, method of highest order differential matching, method of complete differential matching (see also [23] ).
In the considered case we receive the simple form of equations by taking
Then we get for : (16) and for :
The last component in the above equation is nonlinear. We will be able to determine this nonlinear element by knowing the form of nonlinear operator . As the initial approximation the best is to select a function satisfying the given initial conditions (2), for example in the form (18) But if one makes another choice of the linear operator (other than in the form of second order derivative), then one can connect the initial approximation with the selected linear operator and the given initial conditions. On can then determine as the solution of linear equation with the same initial conditions as in the original equation.
In order to ensure the uniqueness of solution of equations (16) and (17) we need to define the corresponding initial conditions. If we put to each equation the homogeneous initial conditions (19) for , then the approximate solution , defined by relation (9), will satisfy the initial conditions (2) . In this way the solution of considered problem is reduced to the solution of a sequence of differential equations (16) and (17) with the homogeneous initial conditions (19) . In these equations the sought functions appear only once within the symbol of second derivative. Thus the solution of these equations consist in the double integration of their right hand sides.
The proper selection of the convergence control parameter affects the area of convergence of the created series and the rate of this convergence as well [19, 20, 26] . For determining this coefficient we can use the so-called "optimization method" [19] , in which we define the following squared residual of governing equation (20) And next, the optimum value of the convergence c
control parameter is obtained by determining the minimum of this squared residual.
THE LINEAR HOMOGENEOUS CASE
Vibrations of the simply supported reinforced concrete beam of span m and cross-section ( ) m/ m can be described with the aid of a linear differential equation. Uniformly distributed mass of the beam, under the assumption that the density of the beam material is kg/m , is equal to (21) Such beam can be considered as the set of segments of length and the kinetic energy of such elementary segment, treated as the element of mass ( Figure 1a ), is equal to (22) where is the velocity of point of coordinate (in the beam). In case of the simply supported beam wrapped by the mass the deflection line is symmetric with respect to the center of gravity and for is expressed by relation (23) where is the largest deflection of the beam ( Figure 1a ).
Velocity of every point of coordinate is equal to (24) where and the kinetic energy of the whole beam is equal to (25) By substituting (24) into (25) and by calculating the integrals we get (26) The kinetic energy described by equation (26) corresponds to the kinetic energy of the system with one degree of freedom and the substitute mass equal to (27) focused in the deflection, that is in the point in which the deflection of a beam is the largest (Figure 1b) . Stiffness of the substitute system is equal to (28) We show now how the described above homotopy analysis method may be used for solving the equation (30) If we take as the initial approximation the function satisfying the initial conditions then in the first steps of the method we get Figure 3 presents the squared residual for . Numerically determined optimum value of the convergence control parameter is equal to . In Table 1 there are collected the errors in reconstructing the exact solution for the successive approximate solutions , . The presented errors are calculated in the supremum norm where means the exact solution and denotes the approximate solution. At first, for the errors increase but afterwards they quickly decrease. So, for the errors are about , for they are about and for the errors are at the level of . Next the error decreases a little bit slower, so for the error is equal to . In Figure 4 the absolute error for and is plotted. As revealed by the above results, starting from some moment the errors quickly decrease when the number of components in the sum (9) increases.
Example 2.
In the second example we execute the calculations for the changed initial conditions by taking m and m/s. Value of parameter is not changed ( rad/s). In this case we also know the exact solution given by the function As the initial approximation we take the function fulfilling the initial conditions Then we obtain successively Figure 4 the absolute error for and is plotted. As revealed by the above results, starting from some moment the errors quickly decrease when the number of components in the sum (9) increases.
In the second example we execute the calculations for the changed initial conditions by taking m and m/s. Value of parameter is not changed ( rad/s). In this case we also know the exact solution given by the function As the initial approximation we take the function fulfilling the initial conditions Then we obtain successively Figure 5 displays the squared residual for . Numerically computed optimum value of the convergence control parameter is equal to . In Table 2 there are compiled the errors in reconstructing the exact solution for the successive approximate solutions , . Similarly as in the previous example, at first the errors increase but afterwards they quickly decrease. In Figure 6 there is plotted the absolute error of reconstructing the exact solution for and . 
THE LINEAR NONHOMOGENEOUS CASE
The initial condition (32) of the free vibrations can be achieved by dropping on the beam from height the body of mass (the beater - Figure 7a) . When the impact is of plastic character then the structure and the beater would perform the free vibrations (Figure 7b) . Assuming kg and m velocity of the beater is equal to (33) where is the acceleration of gravity. Basing on the momentum conservation principle the velocity of the system after the strike is equal to Numerically determined optimum value of the convergence control parameter is equal to . Table 3 compiles the errors in reconstructing the exact solution for the successive approximate solutions , . In Figure 8 the absolute error of reconstructing the exact solution for and is presented. Similarly as before the errors quickly decrease.
NONLINEAR CASE
Nonlinearity in the mechanical dynamic system can occur in result of nonlinearity of the elastic force , 
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NONLINEAR CASE
Nonlinearity in the mechanical dynamic system can occur in result of nonlinearity of the elastic force , the value of which does not depend linearly on the displacement . Characteristic of this force can be presented in the form of the well known in literature Duffing's proposal (38) The plus sign preceding means that the stiffness increases together with the displacement , whereas the minus sign means that it decreases. Nonlinearity is the greater, the greater is the displacement. Equation describing such nonlinear free vibrations with no damping takes the form (39) with the initial conditions (40)
Referring to the previous example when we assumed the mass kg and stiffness MN/m, the parameter can take the values about with the amplitude of variable up to m. Certainly the value of can be increased and then the nonlinearity effect would be greater, however, for the bigger amplitudes of , the problem loses its physical sense.
The free vibrations with the damping include additionally one more term by the first derivative denoted usually as : (41) In our case the physically real value of (determined from the engineering relations, -damping ratio) is equal to (42)
Example 4.
Proceeding with the computational example we discuss the solution of equation (39) approximate solution obtained by applying the homotopy analysis method will be compared with the approximate solution received numerically with the aid of Mathematica software. Assuming as the initial approximation the function satisfying the initial conditions we get, by using the homotopy analysis method, the function approximate solution obtained by applying the homotopy analysis method will be compared with the approximate solution received numerically with the aid of Mathematica software. Assuming as the initial approximation the function satisfying the initial conditions we get, by using the homotopy analysis method, the function The optimum value of the convergence control parameter is equal to . The plot of the squared residual for is presented in Figure 9 . Figure 10 shows the plot of residual for and , that is the plot of error of satisfying the equation (39) by the approximate solution . The above error decreases very quickly when the number of elements in the approximate solution increases (with the increase of number ). So, for the maximum of this error takes the value , for this maximum does not exceed the value , for the value , and finally for it does not exceed the value . The initial conditions are fulfilled exactly by every approximate solution. Figure 11 presents the comparison of approximate solutions obtained by applying the homotopy analysis method (solid line) and the numerical methods available in the Mathematica software (dots). The differences are slight even for the small number of elements (see Table 4 ).
Example 5.
In the next example we solve the equation (41) Figure 12 . In Figure 13 there is displayed the plot of residual we get successively the functions Optimum value of the convergence control parameter is equal to . The plot of the squared residual for is shown in Figure 12 . In Figure 13 there is displayed the plot of residual for and , it means the plot of error of satisfying the equation (41) squared residual for is shown in Figure 12 . In Figure 13 there is displayed the plot of residual for and , it means the plot of error of satisfying the equation (41) Figure 14 shows the comparison of approximate solutions obtained by applying the homotopy analysis method (solid line) and the numerical methods available in the Mathematica software (dots). The differences are slight even for small number of components. For the absolute value of the difference does not exceed the value , for it does not exceed , for the value , whereas for it is not higher than .
A P P L I C A T I O N O F T H E H O M O T O P Y A N A LY S I S M E T H O D F O R D E T E R M I N I N G T H E F R E E V I B R A T I O N S O F B E
CONCLUSIONS
In the paper we have presented the application of the homotopy analysis method for determining the free vibrations of the reinforced concrete beam in the linear and nonlinear case. In the investigated method the series is created, the successive terms of which are derived by calculating the proper integrals obtained from the previous terms. The formed series is in general quickly convergent. For the optimal selection of the convergence control parameter computation of just several first terms of the series ensures a very good approximation of the sought solution. Performed calculations show that the proposed method is effective in solving the problems under consideration.
The presented computational examples confirm the precision and the fast convergence of investigated method. In the linear case we knew the exact solutions, so we could compare with them the solutions obtained with the aid of homotopy analysis method. This case served then to verify the exactness and convergence of the discussed method. In the nonlinear case, when the exact solution was unknown, we compared the approximate solutions received by using the homotopy analysis method with the approximate solutions determined numerically by applying the Mathematica software. Differences between the obtained solutions were slight. However, the advantage of the examined method is that we receive here the approximate solution in the form of continuous function which can be used then in a further analysis or to perform various simulations. Whereas when we apply the numerical methods, we get the discrete set of values which may be potentially used later for approximating the appropriate functions.
The executed calculations indicate that it is possible to obtain the mathematical solution of the model method is effective in solving the problems under consideration.
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